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Abstract

The thermal response of an infinite flat plate is considered, when the heat transfer coefficients on both the exposed surfaces u
changes. The configuration is a simplified model for the heat transfer through the separating wall in the Isochoric Counter-Cur
Exchanger. The step change in the second surface appears with a time delay with respect to the first. The plate temperature,
fluxes and accumulated energy perturbations are evaluated for both the thermally thick and thin cases and the corresponding
compared. The results show a significant influence of both the delay time and the Biot numbers perturbations. It is shown that for
combination of Biot number magnitudes the plate is brought suddenly into a steady state condition and as soon as the second s
In addition, an inner point may be defined where the final steady state temperature perturbation becomes zero, separating the pl
oppositely thermally stressed regions.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The Isochoric, Counter-Current Heat Exchanger (ICH
has been proposed by Georgiou [1,2] as a mechanism c
ble of implementing the thermodynamic process of rege
ative preheating in the Lenoir cycle. As shown by Georg
and Gkiouvetsis [3], the introduction of the mechanism m
lead to a modified Otto cycle with a real efficiency comp
rable to that of the combined cycles employed in mod
power plants.

The proposed heat exchanger consists of two paralle
driven cavity cascades moving in opposite directions on
two sides of the separating plate, which acts as their c
mon lid. The cavities of the first cascade are filled with
hot gas, while the cavities in the opposite cascade are fi
with the cold one. Heat is transferred from the hot gas c
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ities to the cold ones through the plate. In each cavit
temperature change is associated with a corresponding
sure one, in agreement with the state law of the (nea
perfect gasses. The length of the cascade depends o
temperature difference, the overall thermal resistance
the exposed area of the lid plate. Its length grows with
thermal resistance of the lid. In order to minimize resistan
the lid plate has to be thin and highly conductive. This, ho
ever, is limited by structural considerations. The very sm
thickness of this plate means that the heat flux through i
sentially will be one-dimensional, although a small degre
a “travelling source” effects will be present. The compl
heat conduction process through this plate is highly tr
sient and complex. A number of mechanisms are involv
The gas temperatures exhibit step changes as the cavit
pass over a given point and ramp ones due to the con
ous heating/cooling of the gas inside each cavity. The ca
wall heat transfer coefficients are nearly constant away f
the ribs, but they change significantly near them. Hence

optimisation of the design process requires a good under-
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Nomenclature

A heat transfer surface . . . . . . . . . . . . . . . . . . . . . m2

B Biot number
c specific heat . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

E accumulated energy . . . . . . . . . . . . . . . . . . . . . . . J
h heat transfer coefficient . . . . . . . . . W·m−2·K−1

htot overall heat transfer coefficient . . . W·m−2·K−1

hp internal conductance of the plate per unit
length . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2·K−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

q heat flux. . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

Q instantaneous energy accumulation rate per unit
area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

R dimensionless recovery time
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T∞1 temperature of fluid 1 . . . . . . . . . . . . . . . . . . . . . K
T∞2 temperature of fluid 2 . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
td delay period . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
w plate thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . m
y transverse distance . . . . . . . . . . . . . . . . . . . . . . . m
Y dimensionlessy coordinate
Y0 coordinate of a point with final temperature

perturbation equal to zero

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β ratio of the overall heat transfer coefficient to the
internal conductance per unit length of the plate,
= htot/hp

γ magnitude of the step change in the convective
heat transfer coefficient

E dimensionless accumulated energy
ε very small positive value involved in the

definition of the recovery time
θ dimensionless temperature
λ, ξ eigenvalues involved in the analytical solution
ρ mass density . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

τ dimensionless time
τd dimensionless delay period between the step

change in the convective heat transfer
coefficients

τ ∗
d dimensionless delay period satisfying a specific

condition
ϕ dimensionless heat flux perturbation
Φ dimensionless instantaneous energy

accumulation rate

Subscripts

1 side of the plate in contact with the fluid 1,
aty = 0 (Y = 0)

2 side of the plate in contact with the fluid 2,
aty = w (Y = 1)

0 initial
01 initial, aty = 0 (Y = 0)
02 initial, aty = w (Y = 1)
f,F final
in entering the plate
out exiting the plate
p thin plate
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standing of each of the above separate mechanisms as
as their mutual interaction.

The transient heat transfer through an infinite flat p
has been studied extensively in the past. Carlsaw and Je
[4], Schneider [5] and Ozisik [6] provide extensive revie
on these studies. The reported cases, however, are lim
to step changes on one side only and of course there
mention of any “phase difference”. The extension to
travelling source has also been studied, by assuming
the source travels above only one of the two sides of
plate and for various boundary conditions [4,7]. Georg
and Siakavellas [8] have studied the case of step chang
the two free stream temperatures and the corresponding
delay effects.

The present study investigates the simplified limiting c
of the transient, one-dimensional conduction through an
nite flat plate when the gasses in contact with each of its
sides are exhibiting a step change in their heat transfe
efficients. These changes correspond to the effect create
a rib passing over a given point of the lid plate. If the wid

of the rib is small, this change takes the form of a step. Of
ll

r

t

y

course, since the two cavity cascades travel in opposit
rections the step changes do not occur concurrently, but
a delay period.

2. Definition and analysis of the problem

An infinite flat plate of thicknessw separating two fluids
is considered (Fig. 1a) as the idealization of the separa
plate in the counter moving cavity cascade concept (Fig.
of the Isochoric Counter-Current Heat Exchanger [1]. A
givenx station of the plate, the passing of a cavity separa
rib modifies the local free stream conditions and the co
sponding heat transfer coefficients. The two fluids are at
ferent temperatures. Actually it isT∞2 > T∞1, so that heat is
transferred from fluid 2 to fluid 1 through the plate. The pl
material properties, i.e., the mass density (ρ), the specific
heat (c), the thermal conductivity (k) and thermal diffusivity
(α = k/ρc) are considered uniform throughout the plate,
dependent of temperature and constant with time. Initi

(t � 0) the plate is considered to be in equilibrium with
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Fig. 1. Schematic diagram of the plate and the heat exchanger. (a) Th
nite flat plate and the surrounding fluids; (b) the isochoric, counter-cu
heat exchanger concept; (c) the relative positions of the points on the
rating wall.

its environment, i.e., steady state temperature and hea
has been established. Att > 0, the convective heat transf
coefficients, initiallyh1 = h01 andh2 = h02, undergo step
changes with a delay periodtd among them, leading to ne
valuesh1 = γ1h01 andh2 = γ2h02, respectively. The natur
of this time delay is illustrated in Fig. 1c. The pointA will
sense the passing of the rib separating the cavities in th
gas cascade first and the rib on the opposite cascade wi
low. In the case of the pointC the sequence of the even
will be inverted. In the center pointB the passing of the two
ribs will be felt simultaneously.

The heat transfer inside the finite thickness plate ob
Fick’s equation

k
∂2T

∂y2
= ρc

∂T

∂t
(1)

where the directiony is normal to the two surfaces of th
plate andy = 0 corresponds to the surface exposed to
fluid 1 (Fig. 1a). The boundary and the initial conditions a

k
∂T

∂y
= γ1h01(T − T∞1), y = 0 (2a)

k
∂T

∂y
= γ2h02(T∞2 − T ), y = w (2b)
T (y, t) = T0(y), t = 0 (3)
-

t

The initial temperature distribution,T0(y), is given by
Eq. (A.8) in Appendix A.

It is assumed that the first step change appears att = 0+
and the second att = t+d . Whenh1 changes first,γ1 = 1 for
t � 0 andγ1 > 1 for t > 0, whileγ2 = 1 for t � td andγ2 >

1 for t > td . Whenh2 changes first,γ1 = 1 for t � td and
γ1 > 1 for t > td , while γ2 = 1 for t � 0 andγ2 > 1 for t >

0. Of course, if the two step changes appear simultaneo
(td = 0), thenγ1 = γ2 = 1 for t � 0 and bothγ1, γ2 > 1 for
t > 0.

The local temperature perturbation,T (y, t) − T0(y)

may be transformed into the non-dimensional tempera
θ(Y, τ ):

θ(Y, τ ) = T (y, t) − T0(y)

T∞2 − T∞1
(4)

which together with the non-dimensional parameters of
tance (Y ) and time (τ )

Y ≡ y

w
, τ ≡ αt

w2
(5)

modify Eqs. (1)–(3) into the following non-dimension
form (Appendix A):

∂2θ

∂Y 2
= ∂θ

∂τ
, 0< Y < 1 (6)

∂θ

∂Y
= γ1B01θ + (γ1 − 1)

B0

1+ B0

= γ1B01θ + (γ1 − 1)β0, Y = 0 (7a)

∂θ

∂Y
= −γ2B02θ + (γ2 − 1)

B0

1+ B0

= −γ2B02θ + (γ2 − 1)β0, Y = 1 (7b)

θ(Y, τ ) = 0, τ = 0 (8)

The initial Biot numbersB01, B02 and B0 involved in
Eqs. (7a) and (7b) are defined as

B01 = h01

hp

= h01w

k
, B02 = h02

hp

= h02w

k

B0 = h0

hp

= h0w

k
(9)

wherehp = k/w is the internal conductance per unit leng
of the plate, whileh0 is the initial “combined convective
heat transfer coefficient. Actually,h0 is a part of the initial
“overall heat transfer coefficient” (h0,tot), given as:

1

h0
= 1

h01
+ 1

h02

1

h0,tot
= 1

h0
+ 1

hp

= 1

h01
+ 1

h02
+ 1

hp

(10)

Consequently, the effective Biot numberB0 and the ratioβ0,
involved in Eqs. (7a), (7b), are:

B0 = B01B02

B01 + B02
= h0

hp

B0 h0 h0,tot

β0 =

1+ B0
=

h0 + hp

=
hp

(11)
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The final steady state temperature,θf (Y ) ≡ θ(Y,

τ → ∞) is the solution of

∂θf

∂Y

∣∣∣∣
Y=0

= ∂θf

∂Y

∣∣∣∣
Y=1

= θf (1) − θf (0) (12)

Replacing for the boundary conditions (Eqs. (7a), (7
Eq. (12) yields

θf (Y ) = (β − β0)

[
Y + (γ2 − γ1) − (γ1 − 1)B2

(γ2 − 1)B1 + (γ1 − 1)B2

]
(13)

The Biot numbers, i.e.,B1 = γ1B01, B2 = γ2B02, B and the
ratioβ are defined similarly toB01, B02, B0 andβ0 by

B1 = h1

hp

= h1w

k
, B2 = h2

hp

= h2w

k

B = B1B2

B1 + B2
= h

hp

= hw

k

β = B

1+ B
= h

h + hp

= htot

hp

(14)

The combined convective(h) and overall(htot) heat transfer
coefficients are given by

1

h
= 1

h1
+ 1

h2

1

htot
= 1

h
+ 1

hp

= 1

h1
+ 1

h2
+ 1

hp

(15)

As it will be clear below (Eq. (23)),β0 andβ are the non-
dimensional initial and final steady state heat fluxes for
thick plate, respectively, whileB0 andB the corresponding
ones for the thin plate limit.

In general, there exists a pointY = Y0 where the fi-
nal temperature perturbation is zero:θ(Y0) = θf (Y0) −
θ0(Y0) = θf (Y0) = 0. This is obtained from Eq. (13) whe
θf (Y0) = 0, i.e.,

Y0 = γ1 − γ2 + (γ1 − 1)B2

(γ2 − 1)B1 + (γ1 − 1)B2
(16)

Eq. (13) is now written in terms ofY0 as:

θf (Y ) = (β − β0) (Y − Y0) (17)

The conditions for which the pointY0 lies within the plate
(i.e., 0� Y0 � 1) depend upon the modified Biot numbe
i.e., onγ1 andγ2. The two extreme cases,Y0 = 0 orY0 = 1,
occur when:

γ1 = γ2 + B2

1+ B2
(Y0 = 0)

γ2 = γ1 + B1

1+ B1
(Y0 = 1) (18)

The positionY0 separates the plate into two regions w
higher/lower thermal stresses at theτ → ∞ limit, as com-
pared to the initial thermal stress distribution.

The heat flux,q(y, t) = −k∂T (y, t)/∂y, is transformed
into the non-dimensional heat fluxϕ(Y, τ) = q(y, t)/qm,

where
qm = −hp (T∞2 − T∞1) = −k
T∞2 − T∞1

w
(19)

By taking into consideration Eqs. (A.6) and (A.9) (see A
pendix A),ϕ(Y, τ) is written as:

ϕ(Y, τ) = q(y, t)

qm

= ∂θ(Y, τ )

∂Y
+ β0 (20)

The non-dimensional form of the surface heat fluxes
the plate (aty = w), qin(t) = q(w, t), and out of the plate
(at y = 0), qout(t) = q(0, t), is obtained from Eq. (20), fo
Y = 1 andY = 0 as:

ϕin(τ ) ≡ ϕ(1, τ ) = qin(t)

qm

= ∂θ(Y, τ )

∂Y

∣∣∣∣
Y=1

+ β0

= γ2
[
β0 − B02θ(1, τ )

]
(21)

ϕout(τ ) ≡ ϕ(0, τ ) = qout(t)

qm

= ∂θ(Y, τ )

∂Y

∣∣∣∣
Y=0

+ β0

= γ1
[
β0 + B01θ(0, τ )

]
(22)

where Eqs. (7b) and (7a) have been used for∂θ/∂Y atY = 1
andY = 0, respectively. If we take into consideration that
τ = 0 we have∂θ/∂Y = 0 (Eqs. (7a), (7b) and (8)), while fo
τ → ∞ we have∂θf /∂Y = β −β0 (Eq. (17)), the initial (ϕ0)
and final (ϕf ) steady state heat fluxes become:

ϕ0 = ϕin(0) = ϕout(0) = β0

ϕf = ϕin(∞) = ϕout(∞) = β (23)

whereβ0 and β are given by Eqs. (11) and (14), respe
tively. In the thin plate limit (Section 3), we haveB0 � 1
andB � 1 sincehp � h. Hence,ϕ0 = β0 ≈ B0 andϕf =
β ≈ B.

The temperature perturbation (θ ) leads to an energy ac
cumulation inside the plate. The instantaneous energy
cumulation rate per unit area (Q) is equal to the differenc
between the surface heat fluxes, i.e.,Q(t) = qin(t)− qout(t).
In non-dimensional terms this is transformed, according
Eqs. (21) and (22), into

Φ(τ) = Q(t)

qm

= ϕin(τ ) − ϕout(τ )

= (γ2 − γ1)β0 − γ2B02θ(1, τ ) − γ1B01θ(0, τ ) (24)

If the plate is divided into elementary slabs, of thickne
dy, volumedV = Ady and massdm = ρAdy (A is the ex-
posed surface area), the elementary amount of energy
has been accumulated inside the slab at positiony over the
period(0, t) is

dE(y, t) = dmcT (y, t) = ρAc
[
T (y, t) − T0(y)

]
dy (25)

The total amount of energy that has been accumulated in
the plate over the period(0, t) and within a volumeV = Aw

with massm = ρAw, is obtained by integrating Eq. (25):

E(t) =
∫

dmcT = ρAc

y=w∫ [
T (y, t) − T0(y)

]
dy (26)
V y=0
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In non-dimensional terms, this parameter is transformed
E(τ ), where

E(τ ) = E(t)

mc(T∞2 − T∞1)
=

Y=1∫
Y=0

θ(Y, τ ) dY (27)

In the limit τ → ∞ and in conjunction with Eq. (17)
Eq. (27) yields

Ef = E(∞) =
Y=1∫

Y=0

θf (Y )dY = (β − β0)

(
1

2
− Y0

)
(28)

By comparing Eqs. (28) and (17) we observe that

Ef = θf (0.5) (29)

Consequently, ifY0 = 0.5, the final energy accumulation
zero:Ef = 0.

3. The thin plate limit

Whenhp � h, the temperature gradients within the pla
may be neglected. In such a case the plate is labelled as “
mally thin” and the instantaneous plate temperature is alm
uniform, i.e.,T (y, t) ≈ Tp(t). The instantaneous energy ba
ance over a given control volume of unity area and thickn
w yields the governing equation for the thin plate limit:

ρcw
dTp

dt
= qin(t) − qout(t)

= γ2h02(T∞2 − Tp) − γ1h01(Tp − T∞1) (30)

The non-dimensional form of Eq. (30) in terms of the p
turbation (θp) becomes (see Appendix A):

dθp

dτ
+ (γ1B01 + γ2B02) θp(τ ) = (γ2 − γ1)B0 (31)

with initial condition θp(τ ) = 0 at τ = 0. The solution of
Eq. (31) is:

(i) For 0� τ � τd :
• if h1 changes first, i.e.,h1 = γ1h01, h2 = h02

θp(τ ) = B0

B1 + B02
(1− γ1)

[
1− e−(B1+B02)τ

]
(32a)

• if h2 changes first, i.e.,h1 = h01, h2 = γ2h02

θp(τ ) = B0

B01 + B2
(γ2 − 1)

[
1− e−(B01+B2)τ

]
(32b)

(ii) For τ > τd (h1 = γ1h01, h2 = γ2h02):

θp(τ ) = θF + [
θp(τd) − θF

]
e−(B1+B2)(τ−τd ) (33)

whereθp(τd) is the temperature perturbation atτ = τd ,
given by either Eq. (32a) or (32b), andθF is the final
steady-state value, given by

θF = γ2 − γ1
B0 (34)
γ1B01 + γ2B02
-

The recovery time is defined as the time taken afterτ = 0
to reach the final steady state temperature, i.e.,θp(τ ) = θF

or dθp/dτ = 0. The time differentiation of Eq. (33) gives:

dθp

dτ
= [

B0(γ2 − γ1) − θp(τd)(B1 + B2)
]
e−(B1+B2)(τ−τd )

= 0 (35)

Strictly speaking, this is accomplished only in the lim
τ → ∞, since the plate temperature tends asymptoticall
its final steady state value. However, for practical purpo
it may be assumed that thermal equilibrium is establis
when the time derivative of the plate temperature is sma
than or at least equal to a small critical valueε:∣∣∣∣dθp(τ)

dτ

∣∣∣∣ �
(

θp

τ

)
min

≡ ε (36)

The recovery time,Rp, is defined as the elapsed period af
which the condition (36) is continuously satisfied. Eqs. (
and (36) give:

Rp = τd + 1

B1 + B2

× ln

∣∣∣∣B0(γ2 − γ1) − θp(τd)(B1 + B2)

ε

∣∣∣∣ (37)

It is possible to havedθp/dτ = 0, if the expression [B0(γ2−
γ1) − θp(τd)(B1 + B2)] in Eq. (35) is equal to zero. Thi
unique delay period (τ ∗

d ) that forces a steady state conditi
is given, ifh1 changes first, by

τ ∗
d

= 1

B1 + B02
ln

[
γ1 − 1

γ1(γ2 − 1)

B1 + B2

B01 + B02

]
(38a)

or (if h2 changes first) by

τ ∗
d

= 1

B01 + B2
ln

[
γ2 − 1

γ2(γ1 − 1)

B1 + B2

B01 + B02

]
(38b)

The estimation of the heat transfer coefficients,h1 and
h2, was based on the expressionh = ρf · cp · u · St, where
ρf is the mass density of the fluids 1 or 2 (cold or h
gas, respectively), with an expected range fromρf = 1.2
to 12 kg/m3 in the application considered (i.e., the ICHE
The corresponding heat capacities are betweencp = 1000
and 1200 J/(kg·K), while the Stanton number varies fro
St = 0.002 to 0.006 (when the surface of the separating p
is made sufficiently “rough”). The cavity cascades of the i
choric heat exchanger move with a velocity going fromu =
20 to 50 m/s. The combination of the above data yield a m
imum value for the heat transfer coefficients 48 W/(m2·K)
and a maximum one 4320 W/(m2·K). Since the thicknes
of the separating plate is expected to vary fromw = 1 to
5 mm, the expected minimum and maximum Biot numb
are 0.004 and 1.7, respectively, provided that the plate m
rial is chrome–nickel steel. The maximum Biot number m
be extended up to 3, if a titanium alloy (Ti-6Al-4V) is use
instead of chrome–nickel. The Biot numbers considere
the calculations are of the order of 0.1 for the thin plate

proximation, and 1.0 in the thick plate analysis (Section 4).
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Fig. 2. The influence of the delay period (τd ) on: (a) the evolution of the
temperature perturbation, (b) the recovery time for the thin plate.

Hence, in the thin plate limit, the following values a
considered:B01 = 0.05, B02 = 0.08, γ1 = 1.2 andγ2 = 1.5
(which meansB1 = 0.06 andB2 = 0.12). The asymmetry o
the above values is due to the different densities in the
sides. The side 1 gas has undergone an isentropic expa
before entering the corresponding side cavities in the
choric heat exchanger.

The influence of the delay period on the evolution
the ratio θp/θF is illustrated in Fig. 2a. The negativeτd

values are employed in the figure to indicate that the
change appears initially in theh1 coefficient. When the ste
change appears initially in theh2 one, positive values ar
assigned toτd . In the actual calculationsτd is always pos-
itive. For t → ∞ the ratioθp/θF tends towards unity (Fig
2a). When, however, the second step appears the pert
tion is quite significant. The data show clearly that, dur
the transition period, the perturbation deviates significa
from the steady state values. The perturbation actually
either overshoot temporarily the final steady state valu

undershoot the initial (zero) value by a wide margin. In a
n

-

periodic appearance of these steps, the deviations not
will affect the heat resistance but they will introduce s
nificant thermal stresses in the plate material as well.
predicted by Eqs. (38a), (38b) for the above selected p
meter values, forτd ≈ 5 (actuallyτ ∗

d = 4.92) and as soon
as the second step appears, the thin plate temperatu
mains constant (Fig. 2a), sincedθp/dτ = 0 for τ > τd . This
is corroborated by the recovery time,Rp (Fig. 2b), which
exhibits a singular performance near that point, as predi
by Eq. (37). The influence of the delay period to the recov
time is understood better if we study the time elapsed f
the second step change to the thermal equilibrium, i.e.
time difference, (Rp − τd ), as a function ofτd (dashed line).
We observe that (Rp − τd ) away from the singular point in
creases very slowly withτd .

4. The thermally thick plate

In the case of the thermally thick plate one needs to s
a non-homogeneous problem (Eqs. (6)–(8)), with bound
conditions of the third kind as discussed by Ozisik [6]. D
tails of the solution process are given in Appendix B. T
analytic solutionθ(Y, τ ), is:

(a) Over the time interval 0� τ � τd :

θ(Y, τ ) = 2β0

∞∑
m=1

f (ξm)

(
cosξmY + γ1B01

ξm

sinξmY

)

× (
1− e−ξ2

mτ
)

(39)

The eigenvaluesξm are the positive roots of one of th
following transcendental equations:

tanξ = ξ(B1 + B02)

ξ2 − B1B02
(40a)

or

tanξ = ξ(B01 + B2)

ξ2 − B01B2
(40b)

depending on whetherh1 (Eq. (40a)) orh2 (Eq. (40b))
changes first. For the latter case, in Eq. (39) it is
γ1 = 1. The functionsf (ξm) are given in Appendix B.

(b) Forτ > τd :

θ(Y, τ ) = 2β0

∞∑
n=1

C(λn)

×
(

cosλnY + B1

λn

sinλnY

)
e−λ2

n(τ−τd )

×
∞∑

m=1

f (ξm)D(λn, ξm)
(
1− e−ξ2

mτd
)

+ 2β0

∞∑
n=1

g(λn)

(
cosλnY + B1

λn

sinλnY

)

[ 2 ]
× 1− e−λn(τ−τd ) (41)
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The eigenvaluesλn are the positive roots of the transce
dental equation

tanλ = λ(B1 + B2)

λ2 − B1B2
(42)

while the functionsf (ξm), g(λn), C(λn) andD(λn, ξm)

are given in Appendix B. If the step changes toh1 and
h2 appear simultaneously, thenτd = 0 and the solution
becomes:

θ(Y, τ ) = 2β0

∞∑
n=1

g(λn)

(
cosλnY + B1

λn

sinλnY

)

× (
1− e−λ2

nτ
)

(43)

The non-dimensional heat fluxϕ(Y, τ) is given by Eq. (20
The series converge rapidly for the Biot numbers emplo
in the applications. In general, less than fifty terms are
ficient for the convergence. The present study emplo
eighty terms, the computation time being very short.

Figs. 3, 4 illustrate the transient evolution of the th
plate temperature perturbation and the influence of the
lay period on it. The initial Biot numbers are taken equa
B01 = 0.5 andB02 = 1.0, i.e.,B02 = 2B01. These are typica
values for the expected heat exchanger application. In Fi
γ1 = 1.2, γ2 = 1.5. For this combinationY0 = 0, i.e., the ini-
tial and final steady state temperature perturbations are
at the bottom side of the plate. The evolution of the per
bation is given for threeY positions, i.e.,Y = 0.0,0.5 and
1.0. The deviation of the instantaneous perturbation v
from the steady state values is comparable to the thin p
results for allY positions. Both over and undershooting a
observed, depending on the time delay period and the
numbers. The magnitude of these deviations is compar
to the steady state perturbation values. The phenomen
sudden adjustment to a steady state similar to the predic
of Eqs. (38a), (38b) for the thin plate limit is observed h
as well (forτd = 0.35).

The combined influence of the time delay (τd) and the
Biot number step change are illustrated in Fig. 4. The c
bined effect of theγ ’s is presented through theY0 magni-
tude. The following three combinations have been emplo
in this figure:

(i) γ1 = 1.2 andγ2 = 1.5 (i.e.,Y0 = 0.0);
(ii) γ1 = 1.2 andγ2 = 1.25 (i.e.,Y0 = 0.5);

(iii) γ1 = 1.2 andγ2 = 1.125 (i.e.,Y0 = 1.0).

The time-wise evolution of the temperature perturbatio
tracked in threeY positions (Y = 0.0, 0.5 and 1.0), while
only two delay periods are considered (a)τd = +1.0, i.e.,
the step appears initially in the upper surface (solid line)
(b) τd = −1.0, i.e., the first step occurs in the bottom s
face (dashed line). The data indicate that the perturba
evolution is similar in all plate positions for a given (Y0, τd )

combination. The magnitudes, however, may differ by a re-
f

(a)

(b)

(c)

Fig. 3. The evolution of the temperature perturbation at the exposed sur
and the middle of the plate for a thermally thick plate, whenY0 = 0.0.

spectable percentage. This implies that a thermal stress
always be present inside the plate material and for the w
duration of the transient part of the process. For a given

of (γ1, τd ) and whenγ2 increases the pointY0 moves from
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Fig. 4. The influence of the delay period (τd ) and the Biot number ste
change on the temperature evolution.

the top towards the bottom of the plate and the tempera
increases. Of course, the situation is inverted whenγ1 in-
creases, for a given set of (γ2, τd ). On the other hand, fo
a given set of(γ1, γ2), there exists a specific valueτ ∗

d for
the delay period that forces to a steady state conditio

soon as the second step appears. Forγ1 constant, this specific
value increases withγ2 if h2 changes first, and decreas
with γ2 if h1 changes first. To clarify these, let us apply t
case (ii) (γ1 = 1.2,γ2 = 1.25), to a typical isochoric heat ex
changer configuration. SinceB01 = 0.5 andB02 = 1.0, we
haveB1 = 0.6 andB2 = 1.25. For the data given in Sec
tion 3, this configuration could correspond to a titanium
loy plate, with a thickness ofw = 2 mm and a cavity velocity
of u = 45 m/s. Then, the point for which the initial and fin
steady state temperature perturbations are zero is situa
y0 = 1.0 mm (i.e.,Y0 = 0.5 in dimensionless terms). Sinc
a typical distance between the cavities in the isochoric
exchanger is 1.5 m, the delay period between the two ste
td = 0.0167 s. For this configuration the specific value of
parametert∗d is zero. If we consider forγ2 a value slightly
higher, i.e.γ2 = 1.26, the calculations for this new combin
tion (γ1 = 1.2, γ2 = 1.26), show the following: The pointy0

moves downwards, fromy0 = 1.0 mm toy0 = 0.94 mm (i.e.,
Y0 = 0.47 instead of 0.5), while the specific value of the p
rametert∗d is now 0.0167 s, i.e., equal to the delay periodtd ,
provided thath2 changes first.

The dimensionless heat flux perturbations on the two
posed surfaces, i.e., (ϕin(τ )−ϕ0) and (ϕout(τ )−ϕ0), and the
non-dimensional instantaneous energy accumulation
Φ(τ) = ϕin(τ ) − ϕout(τ ), are illustrated in Fig. 5, which
presents the heat flux evolution corresponding to Fig. 3 d
According to Eq. (23), the initial and final heat flux pertu
bations are 0 andβ −β0, respectively. Fig. 5 shows a sudd
change in all instantaneous heat flux parameters at the
ment each step is applied, followed by an exponential de
to the steady state values. If the delay period is relativ
short, the first step flux perturbation has not die out and
leads to a significant shifting of the second step maxima
turn, this implies that in a periodic application of such ste
(as expected in the isochoric heat exchanger), the phe
ena could be exploited to modify the entire “steady sta
heat flux by a considerable percentage of the order of 1
20%. On the other hand, the phenomenon of sudden ad
ment to a steady state at the introduction of the second
(corresponding to aτd = 0.35 for the present configuration
may decrease sharply the “transient” period.

The accumulated energy,E(τ ), during the transient pe
riod is illustrated in Fig. 6a for the same conditions presen
in Figs. 3 and 5. It is quite apparent that the amoun
this energy may reach significant levels, up to 10% of
steady state “accumulation” for the present configurat
For differentY0 values it may reach higher magnitudes. T
evolution of this parameter is very similar to the thin pla
temperature perturbation one (Fig. 2a), as well as to the t
plate temperature perturbation whenY = 0.5 (Fig. 3; see
Eq. (29)). We verify again that ifτd takes the specific valu
0.35, the stored energy reaches its final valueEf almost im-
mediately after the second step. The combined influenc
the (Y0, τd) parameters is exhibited in Fig. 6b, where t
selected parameters are the same with those of Fig. 4.

influence is similar to that on the temperature perturbation.
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Fig. 5. The evolution of the heat flux perturbation on the exposed surf
(a) ϕin(τ ) − ϕ0, (b) ϕout(τ ) − ϕ0 and (c) the instantaneous heat accumu
tion, whenY0 = 0.0.

According to Eq. (28), the energy that finally is stor
to the plate is positive ifY0 < 0.5, negative ifY0 > 0.5 and
zero if Y0 = 0.5. So, for the caseY0 = 0 it takes the value
Ef = (β − β0)/2, while for Y0 = 1 we haveEf = −(β −

β0)/2. Of course, ifY0 < 0, thenEf > (β − β0)/2, while
(a)

(b)

Fig. 6. (a) The influence of the delay period on the evolution of the accu
lated energy inside the plate whenY0 = 0.0. (b) The combined influence o
Y0 and the delay period on the accumulated energy.

if Y0 > 1 we haveEf < −(β − β0)/2. These are eviden
from Fig. 6b, where the curves for the time evolution of
dimensionless energy stored for the three cases are sho
the same diagram (withτd = −1 andτd = 1). It is clear that
Ef decreases as the pointY0 moves from the bottom toward
the top of the plate.

As it has already been mentioned, each combinatio
the Biot number step changes,γ1 andγ2, gives a different
Y0 point (Eq. (16)). If this lies within the plate, there exis
a specific valueτ ∗

d for the delay period that drives the tem
perature, the instantaneous energy accumulation rate an
energy stored to take their final steady state values as so
the second step is applied. This specific value isτ ∗

d = 0.35
whenY0 = 0 (Figs. 3, 5, 6a), while forY0 = 0.5 andY0 = 1
the corresponding values areτ ∗

d = 0.0 andτ ∗
d = −0.45, re-

spectively. The influence ofτd on the above parameters
understood better if we examine the dependence of the
plate recovery timeR(Y ) on the delay period.R(Y ) is de-

fined by a condition similar to Eq. (36), as the elapsed time
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after which the condition|∂θ(Y, τ )/∂τ | � ε is continuously
satisfied.

Fig. 7 illustrates the influence of the delay period andY0
on the recovery time (actually the differenceR(Y )− τd), for
ε = 0.001. The finite thickness of the plate does not dis
the thin plate results to any large extent, since the re
ery time is nearly the same over the greater part of the p
width. The presence of a singular point is quite appar
This point corresponds to the specific values of the delay
riod τ ∗

d = 0.35, 0.0 and−0.45 whenY0 = 0.0, 0.5 and 1.0,
respectively, for which the temperature, the instantane
energy accumulation rate and the energy stored reach
final values almost right after the second step. The pos
of this point is slightly replaced with respect to the cor
sponding thin plate value, as it is evaluated analytically
Eqs. (38a), (38b). It is also observed that thermal equ
rium is established slightly faster at the plate borders (i.e
Y = 0 andY = 1) than the interior points.

5. Conclusions

The transient conduction of heat through an infinite t
plate was studied when the two free streams surroundi
undergo step changes in their heat transfer coefficients.
changes occur with a time delay. The results show that:

(1) The Biot number step changes,γ1 andγ2, define a point
Y0 for which the difference in steady state temperatu
(final–initial) is zero. This point separates thermally t
plate into two regions and generates opposite ther
stresses.

(2) The additional amount of energy absorbed by the p
in order to create the temperature gradients may
exceed the 10% of the accumulation required to es
lish the new final steady state. The energy that finall
stored to the plate,Ef , is positive ifY0 < 0.5, negative
if Y0 > 0.5 and zero ifY0 = 0.5.

(3) The rate of change of the temperature perturbation
ing the period between the steps is far larger than
one following the appearance of the second step.

(4) The thermally thick plate leads to large temperature
heat flux perturbations near the time moment that
second step appears.

(5) The recovery time usually increases with the time
lay. Under certain conditions (τd = τ ∗

d ), right after the
introduction of the second step the final steady stat
reached instantaneously. This corresponds to the sh
recovery time for the entire phenomenon. The spec
value (τ ∗

d ) depends on the Biot number step changesγ1
andγ2, and, consequently, onY0.

Appendix A

The initial steady state temperature in thethin plate limit,

Tp(t) ≡ T0,p at t = 0, is obtained from Eq. (30) if we take
r

r

(a)

(b)

(c)

Fig. 7. The combined influence of the delay period andY0 on the recovery

time when (a)Y0 = 0.0, (b)Y0 = 0.5 and (c)Y0 = 1.0.
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into consideration that, initially (t � 0) the plate is in equi
librium with its environment. So, att = 0, we haveγ1 =
γ2 = 1,dT0,p/dt = 0 and Eq. (30) yields:h02(T∞2−T0,p)−
h01(T0,p − T∞1) = 0. Then,T0,p is obtained as:

T0,p = h01T∞1 + h02T∞2

h01 + h02
= B01T∞1 + B02T∞2

B01 + B02
(A.1)

The non-dimensional thin plate temperature,θp(τ ), is de-
fined as:

θp(τ ) = Tp(t) − T0,p

T∞2 − T∞1
(A.2)

From Eq. (A.2) the following equations result:

Tp(t) = (T∞2 − T∞1)θp(τ ) + T0,p (A.3)

dTp(t)

dt
= (T∞2 − T∞1)

dθp(τ )

dt

= (T∞2 − T∞1)
α

w2

dθp(τ)

dτ
(A.4)

If we use now Eqs. (A.1), (A.3), (A.4) and take into co
sideration Eqs. (9) and (11), we obtain the non-dimensio
form of Eq. (30), i.e., Eq. (31).

From the definition of the non-dimensionalthick plate
temperature,θ(Y, τ ), (Eq. (4)), the following equations re
sult:

T (y, t) = (T∞2 − T∞1) θ(Y, τ ) + T0(y) (A.5)

∂T (y, t)

∂y
= (T∞2 − T∞1)

∂θ(Y, τ )

∂y
+ dT0(y)

dy
(A.6)

The initial conditionT (y, t) = T0(y) at t = 0, is obtained
from the solution ofd2T0/dy2 = 0, which yieldsdT0/dy =
const and gives the temperature distribution during the ini
steady state, i.e., for the periodt � 0. In fact, if we consider
the boundary conditions (2a) and (2b) att = 0, we have:

k
dT0

dy
= k

T0(w) − T0(0)

w
= h01

[
T0(0) − T∞1

]

= h02
[
T∞2 − T0(w)

]
(A.7)

The solution of the system of Eqs. (A.7) yields:

T0(y) = B01T∞1 + B02T∞2 + B01B02T∞1

B01 + B02 + B01B02

+ B0

1+ B0
(T∞2 − T∞1)

y

w

= T0,p + B0T∞1

1+ B0
+ β0(T∞2 − T∞1)

y

w
(A.8)

TheT0,p involved in Eq. (A.8) is the initial steady state tem
perature in the thin plate limit, given by Eq. (A.1) while th
B01, B02, B0, β0 are given by Eqs. (9) and (11).

From Eq. (A.8) it is clear that:

dT0(y) β0 (T∞2 − T∞1)
dy
=

w
(A.9)
T0(y)
∣∣
y=0 = T0(0) = T0,p + B0T∞1

1+ B0
(A.10)

T0(y)
∣∣
y=w

= T0(w)

= T0,p + B0T∞1

1+ B0
+ β0 (T∞2 − T∞1) (A.11)

If we use now Eqs. (A.5), (A.6), (A.9)–(A.11) and ta
into consideration Eq. (5), we obtain from Eqs. (1), (2
(2b) and (3), the non-dimensional form of the thick pla
equations, i.e., Eqs. (6), (7a), (7b) and (8), respectively.

Appendix B

We have to solve the following equation

∂2θ

∂Y 2
= ∂θ

∂τ
, 0< Y < 1 (B.1)

with boundary conditions

∂θ

∂Y
− γ1Bi01θ = (γ1 − 1)β0, Y = 0 (B.2a)

∂θ

∂Y
+ γ2Bi02θ = (γ2 − 1)β0, Y = 1 (B.2b)

The initial condition is

θ(Y, τ ) = 0, τ = 0 (B.3)

if the equation is solved in the time interval 0� τ � τd , and

θ(Y, τ ) = F(Y ), τ = τd (B.4)

if the equation is solved in the time intervalτ > τd .
By separating the time and space variables, it is dem

strated easily that the complete solution of the tempera
functionθ(Y, τ ) is given in the form

θ(Y, τ ) =
∞∑

n=1

cnΨ (λn,Y )θ̄(λn, τ ) (B.5)

wherecn are unknown coefficients to be determined,θ̄ (λn, τ )

is the integral transform ofθ(Y, τ ) with respect to the spac
variableY in the range 0� Y � 1, defined as:

θ̄ (λn, τ ) =
1∫

Y ′=0

Ψ (λn,Y
′)θ(Y ′, τ ) dY ′ (B.6)

while Ψ (λn,Y ) has the form

Ψ (λn,Y ) = cosλnY + γ1B01

λn

sinλnY (B.7)

In fact, Ψ (λn,Y ) is the eigenfunction of the following aux
iliary eigenvalue problem

d2Ψ (Y )

dY 2
+ λ2Ψ (Y ) = 0, 0< Y < 1 (B.8)

dΨ (Y )
dY
− γ1B01Ψ (Y ) = 0, Y = 0 (B.9a)
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dΨ (Y )

dY
+ γ2B02Ψ (Y ) = 0, Y = 1 (B.9b)

By applying now the transform (B.6) we take the integ
transform of Eq. (B.1)

1∫
0

Ψ (λn,Y )
∂2θ(Y, τ )

∂Y 2
dY =

1∫
0

Ψ (λn,Y )
∂θ(Y, τ )

∂τ
dY

= dθ̄(λn, τ )

dτ
(B.10)

The term in the first member in Eq. (B.10) is evaluated
making use of the Green’s theorem and written as

1∫
0

Ψ (λn,Y )
∂2θ(Y, τ )

∂Y 2
dY

= −λ2
nθ̄(λn, τ ) − (γ1 − 1)β0Ψ (λn,Y )

∣∣
Y=0

+ (γ2 − 1)β0Ψ (λn,Y )
∣∣
Y=1 (B.11)

By substituting Eq. (B.11) into Eq. (B.10), the latter it
finally written as:

dθ̄(λn, τ )

dτ
+ λ2

nθ̄(λn, τ ) = A(λn) (B.12)

where we have put for brevity

A(λn) = β0
[
(γ2 − 1)Ψ (λn,1) − (γ1 − 1)Ψ (λn,0)

]
(B.13)

The initial condition for Eq. (B.12) is obtained by taking t
integral transform of the initial condition of Eq. (B.1). Let u
apply the transform (B.6) to the condition (B.4):

θ̄ (λn, τ )
∣∣
τ=τd

=
1∫

Y ′=0

Ψ (λn,Y
′)F (Y ′) dY ′ ≡ F̄ (λn) (B.14)

The solution of Eq. (B.12) subjected to the transformed
tial condition (B.14) is:

θ̄ (λn, τ ) = F̄ (λn)e
−λ2

n(τ−τd )

+ A(λn)

λ2
n

[
1− e−λ2

n(τ−τd )
]

(B.15)

In case where the initial condition (B.3) is used, th
F̄ (λn) = 0 and if we putτd = 0 into Eq. (B.15) we obtain

θ̄ (λn, τ ) = A(λn)

λ2
n

(
1− e−λ2

nτ
)

(B.16)

The simplest case is when the two-step changes toh1
andh2 appear simultaneously. Thenτd = 0 and, if we intro-
duce (B.16) and (B.7) into the general form of the soluti
i.e., Eq. (B.5) and determine the coefficientscn by taking
into consideration the orthogonality of the eigenfunctio
Ψ (λn,Y ), we obtain the following solution:

θ(Y, τ ) = 2β0

∞∑
n=1

g(λn)

(
cosλnY + B1

λn

sinλnY

)

( 2 )
× 1− e−λnτ (B.17)
where the eigenvaluesλn are the positive roots of the tran
scendental equation (42) andg(λn) are given as:

g(λn) = (γ2 − 1)
(
cosλn + B1

λn
sinλn

) − (γ1 − 1)

B1 + (
1+ B2

λ2
n+B2

2

)
(λ2

n + B2
1)

(B.18)

In the general case, the solution depends on the tim
terval considered:

(a) In the time interval [0� τ � τd ], the initial condition
is given by Eq. (B.3). So, the solution is similar
Eq. (B.17), i.e.:

θ(Y, τ ) = 2β0

∞∑
m=1

f (ξm)

(
cosξmY + γ1B01

ξm

sinξmY

)

× (
1− e−ξ2

mτ
)

(B.19)

The eigenvaluesξm are the positive roots of the tran
scendental equation (40a) ifh1 changes first, or (40b) i
h2 changes first. For the latter case, in Eq. (B.19) i
setγ1 = 1. The functionsf (ξm) are given in the forme
case by

f (ξm) = − γ1 − 1

B1 + (
1+ B02

ξ2
m+B2

02

)
(ξ2

m + B2
1)

(B.20a)

and in the latter by

f (ξm) = (γ2 − 1)
(
cosξm + B01

ξm
sinξm

)
B01 + (

1+ B2
ξ2
m+B2

2

)
(ξ2

m + B2
01)

(B.20b)

(b) In the time interval [τ > τd ], the initial condition is
given by Eq. (B.4), whereF(Y ) = θ(Y, τd) is obtained
from Eq. (B.19) forτ = τd . The θ̄ (λn, τ ), involved in
the general form of the solution (i.e., Eq. (B.5)), is giv
by Eq. (B.15), whileF̄ (λn) is obtained from Eq. (B.14
for F(Y ) = θ(Y, τd). The solution is

θ(Y, τ ) = 2β0

∞∑
n=1

C(λn)

×
(

cosλnY + B1

λn

sinλnY

)
e−λ2

n(τ−τd )

×
∞∑

m=1

f (ξm)D(λn, ξm)
(
1− e−ξ2

mτd
)

+ 2β0

∞∑
n=1

g(λn)

(
cosλnY + B1

λn

sinλnY

)

× (
1− e−λ2

n(τ−τd )
)

(B.21)

The eigenvaluesλn are the positive roots of the transce
dental equation (42),f (ξm) is given by Eqs. (B.20a)
(B.20b),g(λn) is given by Eq. (B.18) andC(λn) is given
as:

C(λn) = λ2
n(

B
)

2
(B.22)
B1 + 1+ 2
λ2

n+B2
2

(λ2
n + B1)
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The D(λn, ξm) depends on whetherh1 or h2 changes
first and is given respectively by

D(λn, ξm) =
(

1+ B2
1

λnξm

)
sin(λn − ξm)

λn − ξm

+
(

1− B2
1

λnξm

)
sin(λn + ξm)

λn + ξm

+
(

B1

λn

+ B1

ξm

)[
2λn

λ2
n − ξ2

m

− cos(λn − ξm)

λn − ξm

− cos(λn + ξm)

λn + ξm

]
(B.23a)

D(λn, ξm) =
(

1+ B01B1

ξmλn

)
sin(λn − ξm)

λn − ξm

+
(

1− B01B1

ξmλn

)
sin(λn + ξm)

λn + ξm

+
(

B01

ξm

+ B1

λn

)[
2λn

λ2
n − ξ2

m

− cos(λn − ξm)

λn − ξm

− cos(λn + ξm)

λn + ξm

]
(B.23b
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